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Abstract We revisit the mathematical formulation of the famous Jaynes–Cummings–Paul Hamiltonian,
which describes the interaction of a two-level atom with a single mode of an electromagnetic cavity
reservoir. We rigorously show that under the condition of ultrastrong coupling between the atom
and cavity in which the transition frequency is comparable to the coupling frequency, the bosonic
field operators undergo non-sinusoidal time variations. As a result, the well-known solutions to the
Jaynes–Cummings–Paul model are no longer valid, even when the rotating wave approximation is not
used. We show how a correct mathematical solution could be found instead.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The quantummechanical description of interaction between
a two-level atom and a single-mode cavity was first solved an-
alytically by Jaynes and Cummings in 1963 [1], and indepen-
dently by Paul [2]. The so-called Jaynes–Cummings–Paul (JCP)
Hamiltonian was therefore shown to be exactly solvable un-
der the Rotating-Wave Approximation (RWA) [1–3]. This field
of quantum optics, which studies the interaction between the
quantum light emitters and cavity modes, is also known nowa-
days as Cavity Quantum Electro-Dynamics (CQED) [4]. Hence, a
simple single-mode two-level CQED system is always described
in a ket space obtained by an outer product of sub-spaces cor-
responding to the bosonic field and the atom.
However, any such CQED system is associated with a
coupling constant, which defines the strength of interaction
between its sub-spaces or partitions. Generally, a CQED system
can be categorized into two distinct regimes: strong coupling
and weak coupling. Modes of quantum light emitter and cavity
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Open access under CC BY-NC-ND license.can be in resonance in the weak coupling regime, leading to
an abrupt rise in the spontaneous emission rate. The weak
coupling regime is used in VCSELs [5] and LEDs [6], and more
recently in generation of on-demand entangled photons [7,8].
We are not going to consider the weak coupling regime in this
paper, and our focus is solely on the strong coupling regime.
The Strong Coupling Regime (SCR) is obtained if the coupling
constant of cavity and emitter modes exceeds their decay rates.
Under this condition, the cavity and emitter energy states
are not degenerate anymore: they mix with each other and
form new states, instead [9–11]. If the atom or the emitter is
replaced by a quantum dot or quantum well, then those states
could be instances of the so-called exciton-polaritons, which
are the superposition of the cavity and emitter states before
mixing. These new states split from each other by the amount
of vacuum-rabi splitting that is proportional to the coupling
constant [9,11].
SCR, furthermore, provides an appropriate testbed for
quantum information processing in solid state devices [12].
Another important feature of this regime is that cavity and
emitter modes can never be in resonance with each other. This
phenomenon, referred to as anti-crossing behavior, causes anti-
bunching to take place, which is in turn useful in the design
and realization of single photon emitters [13,14], realization of
quantum encryption [15], quantum computation [10,16] and
quantum repeaters [17].
The ability to fabricate high quality cavities makes it feasi-
ble for us to study the SCR in practice. SCR was first achieved
between an atom and an optical cavity [18]. The equal system
in solid states consists of a semiconductor micro cavity and
a semiconductor quantum dot. Different teams independently
E. Ahmadi et al. / Scientia Iranica, Transactions F: Nanotechnology 18 (2011) 820–826 821observed SCR by exploiting different micro cavities includ-
ing: micro-pillar cavities [19], photonic crystal micro-cavities
[20,21] and micro-disk cavities [22].
The detuning between transition and emission frequencies
can be changed by different methods. These methods include
changing the lattice temperature [19,20,23], adsorption of inert
gas at low temperature [24,25] and, more recently, using the
electrical control [26,27].
Solution of the JCP model is possible in both resonant and
non-resonant conditions under which the atomic transition
frequency, ω0, and photon frequency, ωλ, are, respectively,
equal or inequal [3,4]. In a recent paper, we have devised
a full mathematical solution to the most general CQED
problem, encompassing an arbitrary number of emitters, each
having arbitrary levels and transition rules in coupling with
a multi-mode radiation field [28] within the validity range of
RWA. In order to achieve the solutions, it is customary [4]
to transform the JCP Hamiltonian into the corresponding
Heisenberg’s interaction Hamiltonian, where the annihilation,
a, and creation, aĎ, field operators are supposed to vary purely
sinusoidal in time with the angular frequency of ωλ.
It is the purpose of this paper to mathematically show
that the time-variation of field operators will no longer be
sinusoidal, if the coupling strength is so large that it is
comparable to the transition frequency. This occurs as a result
of the fact that the transformation to Heisenberg’s interaction
picture needs an explicit substitution for the time dependence
of field operators, aĎ(t) and a(t), regardless of the RWA. These
two field operators, in the absence of any interaction with
an emitter, obey simple first-order equations of motion [4],
which admit purely sinusoidal solutions, having the forme±iωλt ,
which we here refer to as the free-running solution. As will be
discussed, the free-running time-dependences of aĎ and a are
invalid for a sufficiently large coupling frequency,whether RWA
is used or not.
Standard configurations of nano-optical structures have
reached coupling strengths, g , as large as 400 µeV [29], which
is far below optical frequencies yet. However, extremely large
coupling constants have very recently been predicted and ob-
served, as in semiconductor microcavities [30–36], magnetized
two-dimensional electron gases [37] and also atmicrowave fre-
quencies in cryogenic circuit quantum electrodynamics [38],
known as the Ultrastrong Coupling Regime (UCR). Of course,
theoretical analysis of UCR needs incorporation of anti-rotating
terms; however, as we have shown here, it is the explicit time
dependence of field operators which needs to be corrected as
well. It is worth mentioning here that a theoretical analysis of
the UCR under a slightly different terminology, the so-called
Deep Strong Coupling Regime (DSCR), has been also recently
published [39], where the authors discuss photon statistics and
Wigner phase space evolutions.
We first discuss the solution, with the approximation that
entanglement between radiation and atom could be ignored.
Then we proceed to devise the fully exact solution taking the
entanglement into account.
2. System Hamiltonian
In order to study the quantum interaction between the atom
or the light emitter and the single electromagnetic mode of
the cavity, we model the emitter as a two-level atom and also
consider the field in the cavity to be quantized in accordance
with the JCP model [1–4]:H = H0 + H1,
H0 = h¯ω0σ+σ− + h¯ωλaĎa,
H1 = −ih¯(σ+ − σ−)(ga− g∗aĎ), (1)
where H0 is the basic Hamiltonian describing self-energies of
the atom and the field, and H1 represents the interaction terms.
Also, ω0 is the transition frequency of the atom, ωλ is the
frequency of the mode of the cavity and g is the coupling
constant between the cavity mode and emission field. The
operators, a and aĎ, are the annihilation and creation of one
photon, respectively, and similarly σ− and σ+ are the atomic
ladder operators.Wehave clearly ignored the zero-point energy
of the radiation field, and also set the reference for the atomic
energy to be zero at the mid-energy of its ground and excited
state [4].
Usually, the Hamiltonian (1) is transformed to the Heisen-
berg’s interaction picture. For a real coupling frequency, g , this
results in Hint = −ih¯g(σ+ae−i1t + σ−aĎei1t − σ−ae−iΓ t +
σ+aĎe+iΓ t) [4], where 1 = ω0 − ωλ and Γ = ω0 + ωλ are
called the detuning (difference) and sum frequencies, respec-
tively. The transformation to the Heisenberg’s interaction pic-
ture makes explicit use of the equations aĎ(t) = e+iωλt and
a(t) = e−iωλt . These free-running dependences are directly in-
serted in the transformedHamiltonian,Hint , and are found from
the solutions of field equations in the absence of any interaction.
We here show that while this is only a crude approximation for
SCR, it is strongly violated in UCR. As a result, transformation to
the Heisenberg’s interaction picture leads to implicit equations,
which are more difficult to solve than seeking a direct solution
to the original Hamiltonian (1).
On the one hand, when the sum frequency,Γ , is much larger
than the detuning, 1, the RWA applies and we have Hint ≈
−ih¯g(σ+ae−i1t+σ−aĎei1t). Hence, RWA holds only if Γ ≫ 1.
On the other hand, the condition for UCR can be met if either
g ∼ Γ or g ∼ 1. Hence,we can easily distinguish the difference
between these two cases: when the RWA is not applicable, and
when we operate in UCR. Correspondingly, UCR and RWA may
even be eventually compatible under special circumstances,
which are not studied in this paper. Anyhow, in what follows,
we take care of anti-rotating terms, thus dismissing the RWA.
3. Ignoring entanglement
3.1. Theory
In Schrödinger’s picture of motion, in contrast to Heisen-
berg’s picture, system states are time dependent rather than
operators. If we assume the system states to be spanned on the
multiplication of the two states corresponding to the atom and
field states, they will be entangled as time elapses, as a result of
light-matter interaction. For the sake of simplicity, we consider
no entanglement, and proceed to solve Schrödinger’s equations
of motion. As a result, a set of wave functions are achieved in
which the atom and field states are not entangled. However,
there is an analogous solution for entanglement to be taken into
account,which is presented in the next section. Having said this,
the general eigenstate of the system in absence of entanglement
takes the form:
|ψ(t)⟩ =
[
b(t)

1
0

+ c(t)

0
1
]
|n(t)⟩ =

b(t)
c(t)

|n(t)⟩, (2)
where the state of the atom is presented as a vector and |n(t)⟩
is corresponding to the number of photons. Note that |n(t)⟩ is
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a set of states are achieved after solving Schrödinger’s equation
of motion. As obvious in Eq. (2), the atomic states are denoted
by their equivalent vector forms. If the field operators also were
defined in the matrix forms, it would be an infinite dimensions
problem to solve. To relieve this complexity, we present the
operators working in the space spanned by the outer product
of atom and field states in the forms:
a → a

1 0
0 1

,
aĎ → aĎ

1 0
0 1

,
a+ → aĎ1ˆp,
a− → σ 1ˆp, (3)
where:
1ˆp = aaĎ − aĎa, (4)
is the identity operator acting in the photonic subspace. By con-
sidering these representations and using matrix forms, σ+ =
0 1
0 0

and σ− =

0 0
1 0

, we can rewrite the Hamiltonian (1)
as:
H = h¯

ω0 + ωλaĎa −i(ga− g∗aĎ)
−i(ga− g∗aĎ) ωλaĎa

. (5)
The Schrödinger equation for operator a reads:
d
dt
[⟨ψ(t)|a|ψ(t)⟩] = − i
h¯
[⟨ψ(t)|[a,H]|ψ(t)⟩] , (6)
where:
[a,H] = h¯
[
ωλa +ig∗
+ig∗ ωλa
]
. (7)
By substituting Eqs. (2) and (7) in Eq. (6) and defining αt =
⟨n(t)|a|n(t)⟩ which is the expectation value of operator a, it
yields:
d
dt
α(t) = −iωλα(t)+ (b(t)c∗(t)+ c(t)b∗(t))g. (8)
Using the same procedure, we find:
d
dt
α∗(t) = +iωλα∗(t)+ (b(t)c∗(t)+ c(t)b∗(t))g∗, (9)
where α∗(t) = ⟨n(t)|aĎ|n(t)⟩.
Eqs. (8) and (9), as one may normally expect, are complex
conjugates. We now intend to solve the Schrödinger equation
for operators σ− and σ+:
d
dt
⟨ψ(t)|σ+|ψ(t)⟩ = − i
h¯
⟨ψ(t)|[σ+,H]|ψ(t)⟩ , (10)
in which:
[σ+,H] = h¯
−i(ga− g∗aĎ) −ω0
0 +i(ga− g∗aĎ)

. (11)
By substituting Eqs. (2) and (11) in Eq. (10), the following
ordinary differential equation is found:
d
dt

b∗(t)c(t)
 = ⟨n(t)|(ga− g∗aĎ)(|c(t)|2
− |b(t)|2)|n(t)⟩ + iω0b(t)c∗(t)
= (|c(t)|2 − |b(t)|2)(g⟨n(t)|a|n(t)⟩
− g∗⟨n(t)|aĎ|n(t)⟩)+ iω0b∗(t)c(t). (12)By performing the same routine for σ− as we have done for σ+,
we obtain:
d
dt

b(t)c∗(t)
 = ⟨n(t)|(ga− g∗aĎ)(−|c(t)|2 + |b(t)|2)|n(t)⟩
− iω0b(t)c∗(t)
= (−|c(t)|2 + |b(t)|2)(g⟨n(t)|a|n(t)⟩
− g∗⟨n(t)|aĎ|n(t)⟩)− iω0b(t)c∗(t). (13)
Obviously, and as a double-check, Eqs. (12) and (13) are cor-
rectly complex conjugates. Now, by defining β(t) = b(t)c∗(t),
we can rewrite Eq. (13):
d
dt
β(t) = −iω0β(t)+ (gα(t)− g∗α∗(t))(|b(t)|2 − |c(t)|2).
(14)
There is a normalizing condition between b(t) and c(t), reading:
|b(t)|2 + |c(t)|2 = 1. (15)
At this point and based on Eq. (15), we are able to rewrite Eqs.
(8) and (14) as:
d
dt
α(t) = −iωλα(t)+ (β(t)+ β∗(t))g∗, (16)
d
dt
β(t) = −iω0β(t)± (gα(t)− g∗α∗(t))

1− 4|β|2. (17)
3.2. Numerical results
Here, the differential equations (16) and (17) have been
solved numerically. The results are illustrated in Figures 1 and
2, for the case of resonance between the atom and the cavity
(ω0 = ωλ = 10), or zero detuning (1 = ω0 − ωλ = 0).
We study two cases corresponding to g = 0.1 and g = 4.
Figure 1 shows the solution belonging to g = 0.1, which falls in
the SCR. In contrast, Figure 2 shows the same for g = 4, which
corresponds to the case of UCR.
As can be seen in Figure 1 for SCR, all parameters belonging
to the case of g = 0.1 vary sinusoidally, which justifies
the free-running behavior of field operators. Furthermore, the
phase varies indistinguishably linearly which also confirms the
sinusoidal time-dependence of aĎ(t) and a(t).
For comparison, we have calculated and plotted the same
parameters as in Figure 1 in the next figure, except that
the coupling strength has been increased by a factor of 40,
forcing the system to place in the UCR. This has caused the
coupling frequency, g , to become comparable to the atom-
cavity frequency (ω0 = ωλ = 10), and as a result a significant
deviation from the sinusoidal free-running behavior for field
operators, aĎ(t) and a(t), becomes evident. It can be seen that
the time change rate of the phase even alters its sign, while in
the previous case, its absolute value did not vary appreciably.
We also have solved the system of Eqs. (16) and (17) for
a case where the atom and the cavity are detuned. We take
ω0 = 10 and ωλ = 8 with a coupling frequency of g = 0.1;
clearly, the system is in the normal SCR. The results are depicted
in Figure 3.
As can be seen here, although the amplitudes exhibit non-
sinusoidal behavior, the phase keeps changing linearly with
an almost constant slope. This is the signature of the validity
of free-running assumption for the field operators, aĎ(t) and
a(t). For larger values of coupling frequency and a non-resonant
case, however, we obtain comparable graphs to that of Figure 2,
showing strong deviation from the free-running forms.
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Figure 1: Results of integrating Eqs. (16) and (17) for the resonant case withω0 = ωλ = 10 and g = 0.1. (a) Amplitude of α; (b) amplitude of c(t); (c) phase of b(t);
and (d) amplitude of b(t).a b
c d
Figure 2: Results of integrating Eqs. (16) and (17) for the resonant case with ω0 = ωλ = 10 and g = 4. (a) Amplitude of α; (b) amplitude of c(t); (c) phase of b(t);
and (d) amplitude of b(t).4. Taking entanglement into consideration
4.1. Theory
In general, the state ket of an entangled atom–photon sys-
tem can be written as:
|ψ(t)⟩ =
−
n=0
bn(t)

1
0

+
−
n=0
cn(t)

0
1

|n⟩=
−
n=0

bn(t)
cn(t)

|n⟩, (18)
where |n⟩ is the eigenket of the operator corresponding to the
number of photons in the cavity andmoreover is time indepen-
dent. We know from Schrödinger’s equation in quantum me-
chanics that:
d
dt
|ψ(t)⟩ = − i
h¯
H|ψ(t)⟩. (19)
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Figure 3: Results of integrating Eqs. (16) and (17) for the non-resonant case with ω0 = 10, ωλ = 8 and g = 0.1. (a) Amplitude of α; (b) amplitude of c(t); (c) phase
of b(t); and (d) amplitude of b(t).Therefore, by substituting Eq. (18) into Eq. (19), we obtain:
d
dt
−
n=0

bn(t)
cn(t)

|n⟩ = −i
−
n=0
[ω0bn(t)+ ωλaĎabn(t)− igacn(t)+ ig∗aĎcn(t)]|n⟩
−igbn(t)
√
n|n− 1⟩ + ig∗bn(t)
√
n+ 1|n+ 1⟩ + nωλcn(t)|n⟩

.
(20)
We can now break Eq. (20) into two separate equations, refer-
ring to each element of the vector therein. Then we get:
d
dt
−
n=0
bn(t)|n⟩ = −i
−
n=0
[ω0bn(t)+ ωλnbn(t)]|n⟩
−
−
n=0
gcn+1(t)
√
n+ 1|n⟩
+
−
n=1
g∗cn−1(t)
√
n|n⟩. (21)
Eq. (21) can also be written in the following form:
d
dt
b0(t)|0⟩ + ddt
−
n=1
bn(t)|n⟩ = −iω0b0(t)|0⟩
− i
−
n=1
[ω0bn(t)+ ωλnbn(t)]|n⟩ − gc1(t)|0⟩
−
−
n=1
gcn+1(t)
√
n+ 1|n⟩ +
−
n=1
g∗cn−1(t)
√
n|n⟩. (22)
We separate Eq. (22) into two distinct equations, describing the
unique eigenkets:
d
dt
b0(t)|0⟩ = −iω0b0(t)|0⟩ − gc1(t)|0⟩, (23)
and:
d
dt
−
n=1
bn(t)|n⟩ = −i
−
n=1
[ω0bn(t)+ ωλnbn(t)]|n⟩
−
−
n=1
gcn+1(t)
√
n+ 1|n⟩+
−
n=1
g∗cn−1(t)
√
n|n⟩. (24)
Following the same procedure for cn(t), we have:
d
dt
c0(t) = −gb1(t), (25)
and:
d
dt
−
n=1
cn(t)|n⟩ =
−
n=1
(−gbn+1(t)
√
n+ 1|n⟩
+ g∗bn−1(t)
√
n|n⟩ − iωλcn(t)n|n⟩). (26)
So, we have totally four equations that can be summarized as:
d
dt
b0(t) = −iω0b0(t)− gc1(t), (27)
d
dt
[bn(t)ei[ω0+ωλn]t ]
= ei[ω0+ωλn]t{−gcn+1(t)
√
n+ 1+ g∗cn−1(t)
√
n}, (28)
d
dt
c0(t) = −gb1(t), (29)
d
dt
[cn(t)ei[ωλn]t ]
= ei[ωλn]t{−gbn+1(t)
√
n+ 1+ g∗bn−1(t)
√
n}, (30)
with index n being a positive integer. Also, bn(t) and cn(t)
should satisfy the normalization condition as:−
n=1
(|bn(t)|2 + |cn(t)|2) = 1. (31)
Note that this normalizing condition is automatically satisfied
by the solution to the set of Eqs. (27) through (30), and it can be
used in order to check the validity of the numerical results.
4.2. Numerical results
We have integrated the differential Equations (27) through
(30), and the corresponding results are presented in the next
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ωλ = ω0 = 100g .
Figure 5: The probability of the atom to be in an excited state in the case of
ωλ = ω0 = 1.25g .
figures. It has been demonstrated that under the condition of
g ≪ ωλ ≈ ω0, corresponding the SCR, the results converge
to that of the standard JCP model, under RWA. In contrast,
by violation of the above mentioned inequality, we obtained
interesting results, corresponding to the UCR. Note that due to
the generality of the proposedmethod, the initial conditions can
be quite arbitrary, given that the normalization condition must
be satisfied at the initial time, too. This solution can be used
in the rigorous checking of the time evolution of light-matter
interaction.
We first assume that the system is in an excited state where
no photon exists. The probability of the atom to be in an excited
state, under two different conditions, is illustrated in Figures 4
and 5. Figure 4 presents the results for the particular resonant
case of 100g = ωλ = ω0, which clearly falls within SCR.
As can be seen, the probability of being in the excited state
varies completely sinusoidal. This, again, confirms the validity
of the free-running assumption for field operators under the
condition, g ≪ ωλ ≈ ω0. On the other hand, if we increase
the strength of interaction and keep the system in resonance
through the setting, 1.25g = ωλ = ω0, we arrive at the solutionFigure 6: Probability for an atom to be in an excited state with the strongly
interacting field starting from a resonant coherent state (ωλ = ω0 = 100g).
Figure 7: Probability for an atom to be in an excited statewith the ultrastrongly
interacting field starting from a resonant coherent state (ωλ = ω0 = 1.25g).
presented in Figure 5. As can be seen, the probability of being
at the excited state is no longer a sinusoidal function of time;
it does, in fact, exhibit a very complicated variation with time,
which is even not quite periodic.
In addition, we have repeated the above calculations for
a field state being a coherent field at time zero. A coherent
state [4] is defined as |α⟩ = e− 12 |α|2 ∑n=0 αn√n! |n⟩, where α
is a complex number. Figures 6 and 7 present the result for
ωλ = ω0 = 100g and ωλ = ω0 = 1.25g , respectively, for
comparison purposes to the last two figures. As can be seen,
the deviation from SCR results, by fulfilling the assumptions
of UCR, is very appreciable. Finally, the authors have also
demonstrated the capability of this analysis in studying the
expected optical spectrum emitted from an ultrastrongly-
coupled cavity-emitter system [40].
5. Conclusions
We presented a direct solution to the interaction Hamilto-
nian of a two-level atom interacting with a single-mode elec-
tromagnetic field and arbitrary coupling strength. It has been
826 E. Ahmadi et al. / Scientia Iranica, Transactions F: Nanotechnology 18 (2011) 820–826shown that for very large values of coupling frequency, the
Jaynes–Cumming–Paul solution is invalid. This happens, not be-
cause of the RWA used in the standard Jaynes–Cumming–Paul
formulations, but due to the non-sinusoidal temporal variations
of field operators in Heisenberg’s interaction picture. When the
solution is sought directly in the Schrödinger equation, it would
be possible to track those non-sinusoidal behaviors of field op-
erators, which can be quite appreciably different from the cor-
responding sinusoidal free-running forms.
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